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ABSTRACT
We introduce a new method for analyzing sparse photometric data of asteroids and
apply it to Zwicky Transient Facility observations of the Jupiter Trojan asteroids. The
method relies on the creation of a likelihood model that includes the probability distri-
bution of rotational brightness variations at an unknown rotation phase. The likelihood
model is analyzed via a Markov Chain Monte Carlo to quantify the uncertainty in our
parameter estimates. Using this method, we provide color, phase parameter, absolute
magnitude and amplitude of rotation measurements for 1049 Jupiter Trojans. We find
that phase parameter is correlated with color and the distribution of Trojan asteroid
rotational amplitudes is indistinguishable from that of main-belt asteroids.
1. INTRODUCTION
The Jupiter Trojan asteroids, minor bodies
that share Jupiter’s orbit, are of interest due
to important questions surrounding their ori-
gin. More specifically, recent models of the early
solar system challenge the traditional idea of
smooth planetary migration and instead raise
the idea of dynamical instability, where the or-
bits of planets and minor bodies migrated in
the early solar system (Tsiganis et al. 2005). In
these models, the Jupiter Trojans were formed
not at their current distance, but instead are
objects captured from the source population of
the Kuiper Belt objects (Morbidelli et al. 2005;
Roig & Nesvorný 2015).
Limited data measuring important physical
parameters of the Jupiter Trojans exist. Photo-
metric measurements have revealed a bimodal-
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ity in the color distribution of these objects,
and are generally used to separate the Trojans
into two distinct populations, termed the ’red’
and ’less-red’ groups (Emery et al. 2010; Wong
& Brown 2016). Other measurements, such as
light curve amplitude and phase have only been
performed on small numbers of Jupiter Tro-
jans. Shevchenko et al. (2012) and Schaefer
et al. (2010) measure the phase curves of three
and nine Jupiter Trojans, respectively. Mottola
et al. (2011), French et al. (2015), Ryan et al.
(2017) and Szabó et al. (2017) all report ampli-
tude of rotation and period results from rota-
tional lightcurves studies. These papers report
results on between 19 and 80 Jupiter Trojans.
The recent abundance of large astronomi-
cal surveys has provided astronomers with the
unique opportunity to measure properties of
large numbers of minor solar system bodies in
bulk. Such bulk measurements allow extrac-
tion of large scale properties, identification of
extreme outliers, and comparisons between dif-
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ferent populations of minor solar system bodies.
For example, analysis of colors of 10,592 aster-
oids from the Sloan Digital Sky Survey (SDSS)
has been used to determine the colors of aster-
oid families (Ivezić et al. 2002). Similarly, anal-
ysis of 250,000 asteroids from the PanSTARRS
catalog has shown a relationship between phase
parameters and asteroid taxonomy (Vereš et al.
2015). Waszczak et al. (2015) obtained rota-
tional period fits to 8,300 asteroids from the
Palomar Transient Facility catalog. They were
able to compare amplitude and period distribu-
tions for different asteroid types and identify a
number of light curves that displayed cusp like
minima suggestive of binary system.
While such surveys are a potential rich source
of information, the cadence of data collection
from these surveys often makes extracting quan-
titative information about solar system bodies
difficult. Most small bodies in the solar system
are irregularly shaped and thus vary in observed
brightness as they rotate and reflect higher or
lower cross-sectional areas. Unfortunately, nei-
ther the shapes nor the rotation periods of most
bodies is known, so the measured brightnesses
occur at unknown rotational phases, making
comparison of measurements to derive colors,
rotation amplitudes, or phase functions diffi-
cult. This problem is generally referred to as
the problem of sparse photometry, and poten-
tial solutions have been discussed for at least
a decade (Warner and Harris 2011; Hanuš and
Ďurech 2012; Waszczak et al. 2015), but all suf-
fer from one serious pitfall: one must be able to
measure the rotation period of the object to be
able to use the photometry. Vereš et al. (2015)
attempt to solve this problem by using a Monte
Carlo method on Pan-STARRS data to sample
many potential rotation periods and amplitudes
and derive absolute magnitudes. While promis-
ing, the method depends on asteroid population
models and produces large uncertainties.
Here, we develop a method of extracting
quantitative parameters from sparse photome-
try that does not rely on being able to measure
the rotational period and makes no assump-
tions about the underlying population statistics.
The key insight is that, regardless of the rota-
tional period, the probability distribution of the
brightness of an object at a random rotational
phase is a quantifiable function of only the as-
teroid shape.
We use this new method to analyze photom-
etry of Jupiter Trojan asteroids obtained from
the publicly released data of the Zwicky Tran-
sient Facility (ZTF). We extract absolute mag-
nitudes, colors, solar phase function parameters,
and rotational amplitudes for 1054 such objects.
In Section 2, we discuss ZTF data in more de-
tail. We discuss our model for Trojan brightness
in Section 3 and, in Section 4, we detail the
Markov Chain Monte Carlo (MCMC) method
used to extract important parameters. Section
5 reports the results of our analysis and discuss
overall population trends.
2. DATA
The Zwicky Transient Facility (ZTF) is a
time-domain survey run on the Samuel Oschin
48” Schmidt telescope at Palomar Observatory.
The CCD camera covers a 47 deg2 field of view
to reported limiting magnitude of g = 20.8 and
r = 20.6 in the typical 15 second exposures
(Bellm et al. 2019). The public survey attempts
to cover the observable northern sky every three
nights in both the g and r bands. The same
region of sky is rarely covered more than once
in a single night. Every morning data from the
previous night are compared to template images
and all transient or variable objects are reported
at ztf.uw.edu/alerts/public. A typical night will
report tens of thousands of transient detections,
many of which are moving objects in the solar
system.
Along with photometric parameters of each
transient detection (including apparent magni-
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tude, magnitude uncertainty, and a 5σ limit-
ing magnitude threshold), the ZTF pipeline re-
ports the closest known solar system object at
the moment of observation, the angular distance
to this object, and the predicted brightness of
this object. To extract a database of all Tro-
jan asteroid detections, we search for all detec-
tions within 5 arcseconds of numbered Jupiter
Trojans (we restrict ourselves to numbered ob-
jects to guarantee that the orbits are known well
enough that the predicted position is accurate).
From 1 June 2018 until 13 Aug 2020, we find
a total of 59961 detections of 2743 numbered
Trojan asteroids. We limit our analysis to the
1054 Trojan asteroids with greater than 10 de-
tections.
3. LIKELIHOOD MODEL
The apparent magnitude of a Trojan aster-
oid in a particular filter band is a function of its
unknown absolute magnitude, color, solar phase
function, and the amplitude and phase of its ro-
tation light curve, and its known distance from
the sun and earth. Given a set of parameters,
we can predict the brightness of an object at the
time of observation. If we exclude rotation for
the moment, the predicted magnitude, mp, can
be calculated as:
mp = Hr+c−2.5log10[φ(α)]+5 log10[R∆], (1)
where Hr is the absolute magnitude in the r
band, c is the color term, which is zero for ob-
servations in the r-band and the g-r color for
observations in the g-band, φ(α) is the solar
phase function with α the solar phase angle,
and R and ∆ are the heliocentric and geocentric
distances, respectively. We use the H-G phase
function proposed by Bowell et al. (1989) and
adopted by the IAU:
φ(α) = (1−G)φ1(α) +Gφ2(α), (2)
where
φi = exp[−Ai tanBi
1
2
α] (3)
and A1 = 3.33, A2 = 1.87, B1 = 0.63 and
B2 = 1.22 (Muinonen et al. 2010).
This one parameter phase function provides
unique fits to our limited data and we found it
to be more accurate to our data than a linear
fit. It has also been widely cited in literature,
which allows us to easily compare our results
with previous studies.
The (unnormalized) probability of making an
observation of apparent magnitude m given a
true magnitude mp can be calculated as:
Pg(m|mp, σ) = exp[
−(mp −m)2
2σ2
], (4)
where σ is the uncertainty in the observation
and is assumed to be a Gaussian. Adding the
effects of rotation to our model traditionally re-
quires knowing the rotational period so that the
phase at the time of the observation can be
known. We circumvent this difficulty by avoid-
ing fitting for a rotational phase, but, instead,
take into account the probability of making an
observation, m, given a known rotational am-
plitude but an arbitrary phase.
We determine the probability distribution
function of rotational brightness by assuming
that the light curve is a sinusoid, which appears
adequate for most Trojan light curves (Szabó
et al. 2017; Ryan et al. 2017) but will fit less
well some extreme light curves or those with two
peaks of differing rotational amplitudes. The ef-
fects of these limitations are discussed below.
We assume the light curve is a sine function
of the form
m =
A
2
sin(p) +mp, (5)
where A is the peak-to-peak variation in the
light curve, and p is the (unknown) rotational
phase. One can easily show that the (unnor-
malized) probability distribution function of m
over a full rotational period is simply
Pr(m|mp, A) =
1
(A/2)2 − (m−mp)2
. (6)
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A key assumption here is that the amplitude
of the light curve does not change over the time
period of analysis. While this assumption is ad-
equate for distant objects such as Trojans whose
viewing geometry does not change quickly, such
an assumption is clearly unsatisfactory for anal-
ysis of closer populations such as main-belt as-
teroids.
Next, we convolve the rotational probability
distribution function with the Gaussian distri-
bution for the uncertainty:
P (m|mp, A, σ) = Pr(m|mp, A) ~ Pg(m|mp, σ),
(7)
where P is the full probability distribution func-
tion including rotation and uncertainty and Pr
and Pg account for the rotation and the Gaus-
sian uncertainty, respectively.
One further difficulty is that ZTF observations
only report positive detections. We do not get
upper limits for times of non-detections. As-
teroids observed close to the detection limit of
ZTF could have consistently underestimated ro-
tational amplitudes if they are only seen at the
brightest portion of their phase curve. To ac-
count for this difficulty, take the ZTF 5 σ lim-
iting magnitude threshold reported for each de-
tection as the magnitude below which the de-
tection would not have been reported. We then
truncate the probability distribution function
at the limiting magnitude of each observation
and renormalize the area of the PDF to unity.
The practical effect of this truncation will be
that observations close to the magnitude limit
will provide little constraint on the amplitude
of rotation, likely leading to upper limits for the
modeled rotational amplitude and correctly re-
flecting our true uncertainty in the amplitude of
the rotation. The general shape of the resulting
distribution can be seen in Figure 1. This dis-
tribution is used to calculate the likelihood of
each model parameter as a function of the data.
Because we are using large automatically gen-
erated catalogs with no manual inspection of
Figure 1. An example shape of the probability dis-
tribution function for a single data point. For this
example, the mean magnitude is centered at 0, with
a peak-to-peak rotational amplitude of 1.0 mag.
The dashed line represents the rotational proba-
bility distribution function, and the solid blue line
shows the distribution once it has been convolved
with a gaussian for uncertainty. The solid black
line shows the effects of an observation near the
limiting magnitude, which we assume here to be
0.3 magnitudes fainter than the mean magnitude
detection.
the detections, a chance exists that some of the
reported detections will be spurious. Some of
these spurious detections are easily recognizable
and can be removed manually. To do this, we re-
move all points further than 1.5 mag away from
a predicted value prior to running the MCMC.
For this initial cut, the predicted value is cal-
culated using the absolute magnitude from the
JPL Small-body Dataset1, an assumed phase
parameter, G, of 0.15, and the mean g− r color
of the population. This removes clear outliers,
but spurious detections closer to the predicted
apparent magnitude can still be present. We
include a final parameter, f , which is the prob-
ability (per magnitude range observed) that an
observation is spurious.
We incorporate this parameter into our model
by adding f ∗ δm across the entire range of
the distribution. Here, δm is the small mag-
1 https://ssd.jpl.nasa.gov/sbdb.cgi
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nitude width by which the likelihood function
is binned. As a result, the original distribution
must be re-normalized such that the total prob-
ability sums to 1. The likelihood contribution
introduced by accounting for outliers sums to
f ∗ ∆m, where ∆m is the total range covered
by the distribution. We have already limited the
range ∆m with our removal of obvious outliers
more than ±1.5 magnitudes from the predicted
brightness, so the maximum value of ∆m can
be 3.0. The value of ∆m can be below 3.0 is
the limiting magnitude is closer than 1.5 mag-
nitudes to the predicted magnitude.
This results in a final equation of the form:
L(mp, A, σ|m) = (1− f∆m)P (m|mp, A, σ) + f
(8)
For small values of f the likelihood function
will still prefer to fit the data into the higher
likelihood region of the rotational model, but
the existence of a true outlier will not generate
an unrealistically low likelihood.
The viewing geometry of Jupiter Trojans
changes by about 30 degrees per year, so while
our assumption about the rotational amplitude
being invariant is reasonable for a single op-
position, it begins to break down with time.
We thus separate the observations by opposition
season, and calculate a distinct amplitude of ro-
tation, A, and a distinct absolute magnitude,
for each. For absolute magnitude, we set a ref-
erence absolute magnitude, Hr, as the absolute
magnitude of the second opposition (the year
2019), as this year generally contains the largest
number of observations, and tabulate parame-
ters to measure magnitude offset from the ref-
erence for any other oppositions. The ZTF sur-
vey has been collecting data for more than two
years, meaning that, for most Trojan asteroids,
we measure at least two and sometimes three
separate rotational amplitudes.
Our full likelihood model thus has as many as
9 parameters, including the 2019 average abso-
lute magnitude (Hr), offsets to the 2019 magni-
tude for the 2018 and 2020 average magnitudes
(off1 and off3), rotational amplitudes for 2018,
2019, and 2020 (A1, A2, and A3), a single color
g−r, a single phase parameter G, and a fraction
of outliers per magnitude, f .
4. DATA ANALYSIS
With the existence of a likelihood model de-
scribing the data we can now attempt to de-
termine the parameters which fit the data for
each individual Trojan asteroid. While a simple
Maximum Likelihood approach would yield op-
timal parameters for each object, we instead use
a Markov Chain Monte Carlo (MCMC) model
to allow us to appropriately incorporate sensi-
ble priors and to better understand uncertain-
ties via the posterior distributions.
Specifically, we use the affine invariant
method of Goodman & Weare (2010) imple-
mented in Python using the emcee package
(Foreman-Mackey et al. 2012). This MCMC
method is an ensemble sampler which uses a set
of n walkers to sample the distribution of pa-
rameter space. . For this analysis, the ensem-
ble sampler comprised of 30 individual walkers.
Examination of the trace plots shows that the
chains generally converge within the first 500
steps. Typical auto-correlation times are 100,
but can vary depending on the asteroid and pa-
rameter. For our final analysis each walker com-
pleted 5,000 steps, the first 1,000 of which were
discarded. This results in a total of 120,000
points sampling each posterior distribution. We
found this to be a reasonable number of samples
to ensure convergence of the MCMC while lim-
iting the amount of computation time required.
We incorporate priors on all of our parame-
ters. For the phase parameter, G, the g − r
color, gr, and the rotation amplitude A, we as-
sume uniform priors over the following ranges:
−0.25 < G < 1.0
−1.5 < gr < 1.5
0 < A < 2
(9)
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All of these Jupiter Trojans have previously
measured absolute magnitudes, so we seek a
prior on absolute magnitude reflecting this (im-
perfect) knowledge. A preliminary run on the
ZTF data with only a uniform prior on Hr indi-
cated the median offset between our measured
r-band absolute magnitudes and the absolute
magnitudes (in the V band) tabulated by the
JPL Small-body Dataset was 0.04 magnitudes.
For the our final run, we then set the prior on Hr
to be a gaussian with a mean at MJPL+0.04 and
a standard deviation of 0.5, reflecting the spread
observed in our initial run. The prior on off1
and off3, the change in absolute magnitude from
one opposition to the next, is a gaussian with
a mean at 0 and a standard deviation of 0.1.
We expect the magnitude offset between opposi-
tions to be small, given that the light curve must
change continuously from season to season as
the viewing geometry of asteroid changes. Em-
pirically, we find the offset is generally less than
0.2 in either direction. The specific values of all
of the priors have little effect on the final re-
sults except in the cases where not enough data
points exist to constrain parameters, in which
case the corresponding uncertainties reflect out
poor knowledge of the derived parameters.
For f we strongly bias the prior to a small
number of outliers by using the function p(f) =
cos(fπ/2)10 We also truncate f in order to en-
sure that the likelihood does not sum to less
than zero. Because the maximum range of ∆m
is 3 mag (due to our cutoff of large outliers) we
limit f to values below 0.33.
We show example fits to Trojans (617) Patro-
clus, (11351) Leucus and (421382) in Figures 2,
3 and 4, respectively. The measured parameter
values for each asteroid are shown in Table 1.
The large bright Trojan (617) Patroclus was
observed 90 times by ZTF (44 in the r filter
and 46 in the g filter), which is on the higher
end for the Trojan asteroids examined in this
study, giving tightly constrained results (Fig-
Figure 2. The model fit to ZTF observations of
(617) Patroclus. The data and uncertainties for
the g and r filters are plotted in green and red, re-
spectively. The detection limit of each observation
is denoted by the star symbol. The phase curves
shown randomly selected samples from the MCMC
and thus approximately represent the probability
distribution of expected magnitudes. When the re-
sults are well constrained, the density of curves will
match the density of data points at each magnitude.
The resulting posterior distribution of each param-
eter is shown to the right of the phase curve fits.
The median value is indicated with the black arrow.
The range of light blue colors represents covers the
68% of data with the highest density.
ure 1). It was observed in three oppositions
and, as a result, three rotational amplitude val-
ues were measured. The rotational amplitudes
for the 2019 and 2020 oppositions are shown
in Figure 2. Two offset values, those between
the 2018 and 2019 oppositions and between the
2019 and 2020 oppositions, were measured. The
rotational amplitude and mean absolute magni-
tude changes little from season to season.
(11351) Leucus is an example of a Jupiter Tro-
jan with a larger rotational amplitude (Figure
2). The bifurcation between the points clus-
tered at the top and bottom of the lightcurve is
clearly visible. This asteroid was also observed
in three oppositions.
(421382) 2013 UE4 is an example of the re-
sults for a less well-constrained fit (Figure 3).
There are a limited number of detections, most
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Figure 3. The model fit to ZTF observations of
(11351) Leucus. The data, models, and results are
as in Figure 2.
Figure 4. The model fit to ZTF observations of
Trojan asteroid 421382.The data, models, and re-
sults are as in Figure 2.
of which are close to the observing limit, so the
analysis correctly captures the possibility that
the rotation amplitude could be higher but with
many non-detections. As a result, unlike in the
previous two cases, the MCMC samples are not
symmetric about the data, but rather reflect the
possibility of undetected points below the obser-
vation limit.
5. RESULTS AND DISCUSSION
The MCMC analysis was run on 1054 Jupiter
Trojans, all with ten or more observations in
ZTF. Of these, all have measurements of phase
parameter magnitude, rotational amplitude for
at least one opposition, and g − r color. For
(617) Patroclus (11351) Leucus (421382) 2013 UE4
A1 0.07± 0.03 0.7± 0.1 < 1.2
A2 0.04± 0.03 0.6± 0.1 < 0.7
A3 0.03± 0.01 0.8± 0.1 < 0.6
G 0.20± 0.03 0.1± 0.1 0.1± 0.3
Hr 8.04± 0.02 10.8± 0.1 12.9± 0.3
off1 0.00± 0.02 −0.01± 0.05 0.0± 0.1
off3 0.08± 0.01 0.02± 0.05 0.05± 0.09
g-r 0.51± 0.01 0.58± 0.04 0.6± 0.1
f 0.0007± 0.0005 < 0.004 < 0.02
Table 1. Results for Trojan asteroids (617) Patroclus, (11351)
Leucus, and 2013 UE4 (421382).
1033 of the Trojans we were able to measure
the rotational amplitude in at least two oppo-
sitions and for 396 we measured the rotational
amplitude in all three years in which ZTF has
been conducting observations.
The mean and standard deviation of each pa-
rameter across all analyzed Trojans is shown in
Table 2.
Parameter Value
G 0.24 ± 0.16
g − r 0.56 ± 0.06
A1 0.46 ± 0.30
A2 0.28 ± 0.27
A3 0.30 ± 0.25
f 0.02 ± 0.02
Table 2. Overall popula-
tion statistics of parameters
The mean values of the phase parameter, G
and g− r color are both within expected ranges
(Emery et al. 2010; Oszkiewicz et al. 2012).
These parameter values will all be discussed in
more detail later in this section. Lastly, the frac-
tion of outliers in the ZTF data is very small.
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We have also included a table of our results
containing parameter measurements for all 1054
asteroids, which is available online. A sample of
these results is shown in Table 3.
5.1. Accuracy of Results
To verify our parameter measurements, we
compared the results obtained here with other
Trojan asteroid surveys in the literature. While
there are limited measurements for Trojan
phase parameters or light curve amplitudes
(partially due to the requirement that direct
comparison between rotational amplitude mea-
surements requires both measurements to be
from the same opposition period), the color
of Trojan asteroids is a fairly well understood
property. We compare our colors measurements
to those measured in the Sloan Digital Sky Sur-
vey (SDSS) (Roig et al. 2008) for the 156 Jupiter
Trojans which are common between the two
samples. These two data sets show remarkably
good agreement, as demonstrated in Figure 5.
The difference between the two data sets, di-
vided by the quadrature sum of the uncertain-
ties, is normally distributed around zero, with a
sigma of 1.08, compared to a value of one that
would be expected if the two data sets are inde-
pendent measures of the same parameter with
independent normally distributed uncertainties.
Comparison of rotational amplitudes with
previous results is made difficult by the varia-
tion in amplitude from opposition to opposition.
Several Trojan asteroids which will be the sub-
ject of a Lucy spacecraft flyby have been closely
monitored for the past few oppositions, how-
ever. Mottola et al. (2020) measured rotational
amplitudes of (11351) Leucus of 0.65 mag for
the 2018 opposition and 0.7 mag for the 2019
opposition. We measure rotational amplitudes
of 0.73± 0.11 and 0.61± 0.07. For (3548) Eury-
bates, Mottola (private communication) found
a rotational amplitude of 0.1 mag for both oppo-
sitions in which we have obtained observations,
while we measure upper limits of 0.18 and 0.15
Figure 5. A comparison between the g − r colors
of the 156 Jupiter Trojan asteroids common to the
ZTF and the Sloan Digital Sky Survey Roig et al.
(2008).The dashed line shows a line of equal values,
while the red line shows that a least square fit line
to the data is nearly identical to the dashed line.
for the 2018 and 2019 oppositions, and he ob-
served a rotational amplitude of (21900) Orus
of 0.14 in 2019, when we find a rotational am-
plitude of 0.10 ± 0.05. Our method appears to
produce reliable results both in the case of well-
measured rotational amplitudes and in the up-
per limits when no measurement is possible.
5.2. Phase and Color
Previous studies of main-belt asteroids have
noted differences among asteroid phase parame-
ter between different asteroid taxonomic classes.
For example, Schaefer et al. (2010) reports dif-
ferences in the linear phase function between
different asteroid classes while Lagerkvist &
Magnusson (1990), Oszkiewicz et al. (2012) and
Vereš et al. (2015) all report differences in the
Bowell-Lumme phase parameter, G, between
asteroids of different classes.
Typically, the Jupiter Trojans are classified as
D and P-type asteroids. The average G param-
eter values for D-type asteroids are 0.23± 0.29
from Vereš et al. (2015) and 0.19±0.12 from Os-
zkiewicz et al. (2012). Both of these values are
within one standard deviation from our mean
G value for the Trojan sample. Neither paper
quotes an average phase parameter value for P-
9
Trojan Hr G g − r off1 (2018) off3 (2020) A1 (2018) A2 (2019) A3 (2020) f
588 8.09+0.02−0.01 0.35
+0.04
−0.03 0.58±0.01 - 0.05±0.01 - < 0.03 < 0.02 < 0.01
617 8.04±0.02 0.20+0.03−0.02 0.51±0.01 0.00
+0.01
−0.02 0.08±0.01 0.04
+0.01
−0.02 < 0.03 < 0.03 < 0.01
624 7.09±0.03 0.29±0.05 0.61±0.01 0.00+0.01−0.03 −0.16
+0.01
−0.03 0.06±0.03 0.08±0.01 0.23
+0.01
−0.02 < 0.01
659 8.39±0.05 0.15±0.06 0.51+0.02−0.01 - 0.05
+0.02
−0.03 - 0.12
+0.02
−0.01 < 0.05 < 0.03
884 8.55+0.06−0.05 0.39±0.09 0.58±0.03 - −0.12
+0.04
−0.05 - 0.08±0.02 0.20±0.04 < 0.02
1143 8.22±0.02 0.33+0.04−0.05 0.58
+0.02
−0.01 0.00
+0.08
−0.09 −0.02
+0.01
−0.02 0.20
+0.20
−0.19 0.08
+0.02
−0.01 0.08
+0.01
−0.02 < 0.01
1172 7.87+0.05−0.04 0.19±0.06 0.61±0.02 - −0.21
+0.01
−0.03 - 0.12
+0.02
−0.01 < 0.04 < 0.02
1173 8.55±0.04 0.15+0.04−0.05 0.49
+0.01
−0.02 - 0.07
+0.02
−0.01 - 0.05
+0.02
−0.03 0.09±0.01 < 0.01
1208 8.77±0.04 0.22±0.05 0.47±0.01 −0.09+0.01−0.03 0.05±0.02 0.15±0.02 0.10
+0.01
−0.02 0.06±0.02 < 0.01
1404 9.14+0.06−0.05 0.22
+0.08
−0.09 0.48
+0.02
−0.03 - −0.05
+0.02
−0.03 - 0.14±0.02 0.10
+0.01
−0.02 < 0.01
1437 7.92+0.03−0.02 0.17±0.03 0.51±0.01 0.09±0.02 −0.22
+0.01
−0.03 < 0.03 0.05±0.01 0.20±0.02 < 0.01
1647 10.36±0.04 0.40±0.07 0.60+0.02−0.01 - −0.02
+0.02
−0.03 - 0.06±0.02 0.10±0.02 < 0.01
1749 9.34±0.02 0.35±0.04 0.61+0.01−0.02 −0.12
+0.03
−0.04 0.03±0.03 < 0.09 < 0.02 < 0.08 < 0.01
1868 9.41±0.04 0.30+0.06−0.05 0.55±0.01 0.09
+0.01
−0.02 −0.11
+0.01
−0.02 0.07
+0.02
−0.01 0.10
+0.02
−0.01 0.16±0.01 < 0.00
1869 10.90+0.05−0.06 0.20±0.10 0.53±0.03 - 0.02±0.03 - < 0.04 < 0.07 < 0.01
1870 10.67+0.06−0.05 0.31
+0.08
−0.07 0.62±0.03 0.02
+0.11
−0.10 0.00±0.03 0.30
+0.25
−0.26 0.17±0.03 0.13
+0.03
−0.02 < 0.01
1871 11.03+0.04−0.05 0.18±0.07 0.55
+0.02
−0.03 - −0.06
+0.01
−0.03 - < 0.04 < 0.05 < 0.01
1872 10.64±0.05 0.09±0.06 0.51±0.02 - 0.05±0.03 - 0.11+0.03−0.04 0.09
+0.02
−0.03 < 0.01
1873 10.03+0.03−0.02 0.32
+0.05
−0.04 0.55
+0.01
−0.02 - −0.15
+0.01
−0.02 - < 0.04 0.16
+0.01
−0.02 < 0.01
2146 9.88±0.02 0.21±0.04 0.59±0.02 −0.01+0.01−0.03 −0.01
+0.08
−0.10 0.08
+0.01
−0.02 0.05
+0.02
−0.01 0.22
+0.20
−0.21 < 0.01
2148 10.64+0.06−0.05 0.12±0.07 0.59
+0.02
−0.03 0.00
+0.09
−0.10 0.03
+0.02
−0.03 0.30
+0.25
−0.26 < 0.06 0.05
+0.04
−0.03 < 0.01
Note—An electronic version of this full table is available online
Table 3. Parameter measurements for all asteroids.
type asteroids. Schaefer et al. (2010), however,
report an average linear slope of 0.039-0.044 for
P-type asteroids when looking at phases greater
than five degrees and a slope of 0.075-0.113
when looking at phase angles less than 2 de-
grees. Since most of our observations occur at
phases greater than 5, we use those slope values
to convert to G parameters. Empirically, linear
slopes between 0.039 and 0.044 correspond to
G values between 0.34 and 0.42, which are also
within one standard deviation from our mean G
value for the Trojan sample.
A more appropriate classification scheme for
the Trojans, however, is probably to simply use
colors. We thus examine the relationship be-
tween phase parameter and color, looking to see
if the well-known bifurcation of Jupiter Trojans
into red and less-red groups is visible and also
reflected in the phase parameter.
We initially limit our sample to the most well-
measured Trojans. We do this by selecting the
objects where the uncertainty in both G and
g − r color is less than the median uncertainty
for that parameter. This results in a total of
514 Trojan asteroids. These points are shown
in Figure 6, plotted in red. For those points,
all uncertainties in G are less than 0.27 and all
uncertainties in g − r are less than 0.10.
In black, we also plot the G vs g − r rela-
tionship for the entire population of analyzed
Trojans. This is done by plotting a distribution
of possible G and g − r values. More specif-
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ically, there exists a two dimensional posterior
distribution representing the likelihood of a spe-
cific pair of G and g − r values. This is exactly
like the one dimensional posterior distributions
that show the most likely values for the G and
g−r parameters individually, except that it has
now been plotted in an additional dimension to
show the relationship between the two param-
eters. We can then stack the two-dimensional
posterior distributions for each individual Tro-
jan to create a distribution representing the re-
lationship between G and g − r values across
the entire population of analyzed Trojans. The
darker values indicate the values of G and g− r
parameters that are more common in our mea-
surements of the Trojan population. Contour
lines are added to make the delineations more
visible.
While uncertainties in our color measurements
are large enough that the bimodal distribution
of the two color groups is only marginally vis-
ible, a correlation between color and phase pa-
rameter appears to be present. We take the
subset of the sample that has uncertainties in
color and phase parameter less than the median
values (the points plotted in red in Figure 6)
and perform A Spearman rank correlation test.
This results in a rank correlation coefficient of,
ρ = 0.34 and a p-value of less than 10−5, cor-
responding to a 4.2σ correlation between color
and phase parameter in the Trojan population.
We suspect that, rather than a linear corre-
lation between color and phase parameter, we
are likely seeing a difference in phase parameter
between the red and less-red Jupiter Trojans.
The average g − r color values of the red and
less-red Trojan color populations are 0.52 and
0.62 (Wong et al. 2014).
We can fit a line to all points with uncertain-
ties less than the median value and solve for the
average phase parameter for each color popula-
tions. This results in average phase parameter
values of 0.14±0.05 and 0.22±0.07 for the less-
Figure 6. We show the relationship between
g − r and phase parameter, G for the 514 Jupiter
Trojans with better-than-median uncertainties (red
points). In the background and contours, we show
the continuous two-dimension probability distribu-
tion function of both of these variables for the full
data set (see text for details). A positive correlation
between the two variables is apparent.
red and red populations. The uncertainties in
phase parameter were calculated by propagat-
ing the error in the slope of the fitted line.
5.3. Amplitude of Rotation and Diameter
We compare the amplitude of the rotational
lightcurve to the diameter. We use the second
opposition (year of 2019), because these are gen-
erally better constrained. In order to appropri-
ately account for objects for which we have only
upper limits and to incorporate the uncertain-
ties correctly, for each asteroid we add the prob-
ability density function of amplitude to a bin at
the asteroids diameter. Each diameter bin thus
contains the full probability density function of
amplitude. We then normalize each diameter
bin to allow better comparison across diameters
and present the results as a two-dimension den-
sity function (Figure 7). No systematic change
with asteroid size is detected.
To check our technique, we compared our
measurements of rotational amplitude to Tro-
jan asteroid rotational amplitude measurements
from Mottola et al. (2011), French et al. (2015),
Szabó et al. (2017), and Ryan et al. (2017).
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Figure 7. Amplitude of rotation distribution of
Trojan asteroids as a function of diameter. The
underlying distribution shows full probability dis-
tribution function of rotational amplitude in each
diameter bin, appropriately accounting for objects
with only upper limits measured. The solid black
line shows the median rotational amplitude at each
diameter, while the dashed lines show the 16th and
84th percentiles. Comparisons to other measure-
ments of Jupiter Trojans are shown in blue and red,
while comparison to main-belt asteroids is shown in
green.
Both Ryan et al. (2017) and Szabó et al. (2017)
examine the same set of data from the Kepler
space telescope, while Mottola et al. (2011) and
French et al. (2015) present results obtained
using ground based photometry. The Mottola
et al. (2011) and Szabó et al. (2017) data are
plotted in Figure 7, in blue and red respec-
tively. The results from Ryan et al. (2017) agree
with Szabó et al. (2017) so are not indepen-
dently plotted. The French et al. (2015) data
(not plotted) covers the same diameter range as
the Kepler results, but measures a smaller av-
erage amplitude of rotation. In general, all of
the data are broadly consistent, but the well-
measured Kepler data from Szabó et al. (2017)
and Ryan et al. (2017) gives mean values ap-
proximately 50% larger than ours. We believe
that these differences are due to our assump-
tion of a sinusoidal light curve. In the case of a
non-sinusoidal light curve, our technique is more
strongly constrained by the smaller of the two
peaks, rather than the full amplitude. As a test,
we created a non-sinusoidal lightcurve, where
the amplitude of the larger peak is 0.25 and the
amplitude of the smaller is 0.1. Running our
full analysis gives a rotational amplitude of 0.1.
Our amplitudes should thus be thought of as
the smaller of a two-amplitude lightcurve.
We also compare the Jupiter Trojans to the
larger population. Waszczak et al. (2015);
Szabó et al. (2016); Polishook et al. (2012) mea-
sure light curves and rotational amplitudes for
large sets of main-belt asteroids. In this study
we compare our Trojan rotational amplitudes
to those from Szabó et al. (2016). We use the
diameters listed in Warner et al. (2009). Our
dataset and the Szabó et al. (2016) dataset over-
lap in diameter range and, most importantly,
the Szabó et al. (2016) paper reports rotational
amplitudes even when the period is undeter-
mined. Because it is harder to measure an accu-
rate period for asteroids with a low rotational,
excluding those asteroids creates a bias against
low rotational amplitude asteroids. The data
from Szabó et al. (2016) are plotted in Figure
7 in green, and the ±1 σ amplitude range over-
laps with that from our Trojan fits. As such,
we report no measurable difference between the
rotational amplitude distributions of Trojan as-
teroids and main-belt asteroids.
5.4. Individual objects
The most potentially interesting outliers in
this collection are those with unusually high ro-
tational amplitudes or long rotation periods. A
total of 75 objects have 1σ lower limits to their
rotation amplitude of 0.5 magnitudes or higher
for at least one of the three opposition peri-
ods. For each of these objects we subtracted
the best fit non-rotating model and examined
the residuals to determine if we could fit an or-
bital period. We applied a Lomb-Scargle pe-
riodogram analysis to the data and examined
the frequency peak with the highest amplitude.
While many of the data sets are highly aliased
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and a reliable rotation period could not be de-
termined, objects with a sufficiently large num-
ber of observations would often yield convinc-
ing rotational light curves distinguishable from
nearby aliases. Twenty-one of these high rota-
tional amplitude objects were best fit with ro-
tation periods greater than 24 hours, though in
many of these cases additional aliases were pos-
sible. None of these lightcurves has convincing
detections of the cusp-like features and high am-
plitude drop outs suggestive of eclipsing by close
or contact binaries.
(11351) Leucus remains an extreme outlier,
with the longest well-determined period in
our sample, and one of the largest amplitude
lightcurves. Our derived period of 445±10 hr
is in good agreement with the value from Mot-
tola et al. (2020) of 445.683±0.007 hr. Only one
other Trojan asteroid in our sample – 65232 –
has a plausibly longer rotation period (480±10
hours), but the sampling of this asteroid is lim-
ited and more data are required for a definitive
determination. As ZTF continues to operate it
will become increasingly possible to measure re-
liable periods and determine if (11351) Leucus
truly is unique.
6. CONCLUSION
This paper presents a new method for extract-
ing quantitative information from sparse photo-
metric data by using a probabilistic model of ro-
tational amplitude, allowing us to ignore the ef-
fects of unknown rotational periods. We report
color, phase parameter, absolute magnitude and
amplitude of rotation measurements for 1049
Trojan asteroids and examine the overall pop-
ulation statistics of our sample. We find that
the phase parameter for Jupiter Trojan aster-
oids is correlated with color, with average values
of 0.14±0.05 and 0.22±0.07 for the less-red and
red populations, respectively. The distribution
of the amplitude of the rotational light curve
appears relatively constant with asteroid size,
and is not distinguishable from the distribution
for main-belt asteroids of similar sizes.
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Szabó, R., Pál, A., Sárneczky, K., Szabó, G. M.,
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